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Abstract Experimental and numerical studies have shown similarities between localized turbulence
in channel and pipe ﬂows. By scaling analysis of a disturbed-ﬂow model, this paper proposes a
local Reynolds number ReM to characterize the threshold of transition triggered by ﬁnite-amplitude
disturbances. The ReM represents the maximum contribution of the basic ﬂow to the momentum
ratio between the nonlinear convection and the viscous diﬀusion. The lower critical ReM observed in
experiments of plane Poiseuille ﬂow, pipe Poiseuille ﬂow and plane Couette ﬂow are all close to 323,
indicating the uniformity of mechanism governing the transition to localized turbulence. c© 2011
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1105202]
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The diﬃculty to predict laminar-turbulent transi-
tion is mainly brought by the sensitivity of shear ﬂows to
external perturbations. Finite-amplitude disturbances
may trigger transitions in Hagen-Poiseuille ﬂows and
plane Couette ﬂows (PCF), where the basic states are
always linearly stable. In plane Poiseuille ﬂows, the lin-
ear critical Reynolds number is much higher than the
observed values in experiments. During these bypass
transitions, the ﬂows all experience a stage marked by
localized turbulence, e.g. spots in channel ﬂows1–3 and
puﬀs in pipe ﬂows.4–6 Obviously, the onset of such lo-
calized turbulence is crucial to the transition process.
It is found that these patches of disordered ﬂows can-
not sustain forever but are transient phenomena em-
bedded with streamwise streaks, vortices and travel-
ling waves.7–9 In addition, the minimum perturbation
amplitude to trigger localized turbulence decreases as
the Reynolds number Re increases.10–13 Based on anal-
ysis of the above common features, it is suggested
that at moderate Reynolds numbers diﬀerent types
of shear ﬂows may be controlled by a universal dy-
namical mechanism14–16 and follow the same route to
turbulence.17 In this letter, it is shown for the ﬁrst time
that they even share a uniﬁed threshold at the onset of
localized turbulence.
Because diﬀerent conventions are used in the deﬁ-
nition of Reynolds number for channel and pipe ﬂows,
there exists large discrepancy between their critical val-
ues Recrit obtained in experiments. Therefore, modi-
ﬁed Reynolds numbers are used when a direct compar-
ison of the transition scenario between diﬀerent ﬂows
is carried out.18,19 In order to describe the statistically
steady turbulent-band state,20–22 the Reynolds number
deﬁned with the mean shear of the basic ﬂow was used
and it was shown that the PCF and Taylor-Couette ﬂow
shared the same critical value of 340.19 Since slight local
variations of the velocity proﬁle do not cause an obvi-
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Fig. 1. (a) The basic ﬂow U0(y) is a parallel viscous shear
ﬂow. (b) Streamlines in a downstream ﬂow domain are per-
turbed and at point 0 the velocity gradient ∂U/∂x = 0.
ous change of the mean shear but may lead to instability
and trigger the transition in pipe ﬂows,23–26 the modi-
ﬁed Reynolds number based on mean shear seems not
a proper parameter to describe the onset of localized
turbulence. In one word, the uniﬁed control parameter
should have a uniform deﬁnition for diﬀerent shear ﬂows
and be able to reﬂect local properties of the disturbed
ﬂow ﬁelds. By scaling equations of a perturbed ﬂow
domain, we propose a local Reynolds number in this
paper to describe the critical state at Re = Rec, here
Rec is the smallest critical Reynolds number where typ-
ical localized turbulence (e.g. puﬀs and spots) can be
induced.
Let us consider an incompressible parallel shear ﬂow
U0(y) as shown in Fig. 1. Small but ﬁnite-amplitude dis-
turbances are introduced within a ﬁnite-thickness ﬂuid
layer around point 0 (x0, y0). The disturbed streamlines
deviate slightly from straight lines and the normal veloc-
ity V = ηU , where the tangent of the streamline |η|  1
and U is the streamwise velocity of the disturbed ﬂow.
We will focus our investigation on the neighboring area
S of point 0, where ∂U/∂x = 0, because streamlines are
distorted seriously there.
Since |V |  |U |, we only consider the x-direction
momentum equation, whose convection terms in the
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area S are
U
∂U
∂x
+ V
∂U
∂y
≈ V ∂U
∂y
= ηU
∂U
∂y
, (1)
where ∂U/∂x ≈ 0 is used. Around point 0 there must
be a neighboring streamline which is tangential with
the line y = y0 at a point, say point 1 (x0 − l, y0) as
shown in Fig. 1, at the midpoint (x0 − l/2, y0) we have
∂U/∂x ≈ [U(x0, y0) − U(x0 − l, y0)]/l. Since the mass
ﬂux between two streamlines stays constant for two-
dimensional incompressible ﬂow and the normal velocity
V = 0 at point 1, we obtain
l
2
[0+η0U(x0, y0)] =
Δy
2
[U0(y0)+U0(y0+Δy)], (2)
or l ≈ Δy(2/η0), where η0 is the streamline tangent
at point 0. Considering that the streamlines are only
distorted slightly and mildly, at point (x0 − l/2, y0) we
have ∂U/∂x ≈ (η0/2Δy)[U(x0, y0) − U(x0 − l, y0)] ≈
−(η0/2Δy)[U0(y0 +Δy)− U0(y0)] ≈ −(η0/2)(dU0/dy).
Since ∂U/∂x = 0 at point 0, we may estimate
that in S the corresponding ∂2U/∂x2 ≈ (2/l)[0 −
(∂U/∂x)|(x0−l/2,y0)] ≈ (η0/l)(dU0/dy).
Since most driving forces (e.g. the pressure gradient
in Poiseuille ﬂows) are linear terms in momentum equa-
tions, local disturbances cannot persist for long time
except that the nonlinear convection term can compete
with the viscous diﬀusion term. In another word, the
localized turbulence can survive only when the ratio a
between these two terms is large enough. In the neigh-
boring area S of point 0 we have
a =
convection
diﬀusion
≈
∣∣∣∣∣∣∣∣
U
∂U
∂y
η0
ν
(
∂2U
∂y2
+
η0
l
dU0
dy
)
∣∣∣∣∣∣∣∣
≈ RemA,
(3)
where Rem is a function of the ﬂow ﬁeld, A is a dimen-
sionless amplitude of the characteristic disturbance and
is independent of y. Considering that disturbances are
still very small at the beginning of transition, we es-
timate Rem in Eq. (3) with U0, dU0/dy and d
2U0/dy
2,
respectively, and hence it is a function of y. By examin-
ing ﬂow layers at diﬀerent y, we can ﬁnd the maximum
value of Rem, labelled as ReM hereafter, whose produc-
tion with the dimensionless amplitude A represents the
maximum ratio between the nonlinear convection and
the viscous diﬀusion.
Substituting the basic-ﬂow solution of PCF U0 =
UM(y/h) into Eq. (3), we obtain
Rem =
U0h
ν
, A =
l
h
,
where h is the half distance between the two plates and
UM is the maximum value of U0. It is easy to ﬁnd
that ReM = UMh/ν = Re, the traditional deﬁnition
of Reynolds number. For plane Poiseuille ﬂow U0 =
UM(1 − y2/h2), we ignore the relatively smaller term
including η0/l in Eq. (3) and obtain
Rem =
UMh
ν
y
h
(
1− y
2
h2
)
, A = η0.
Similarly, for Hagen-Poiseuille ﬂow U0 = UM(1−r2/R2)
we get
Rem =
1
2
UMR
ν
r
R
(
1− r
2
R2
)
, A = η0,
where R is the radius of the pipe. The corresponding
ReM, the maximum values of Rem at y = h/
√
3 and
r = R/
√
3 for Poiseuille ﬂows are summarized in Table
1.
Table 1. Deﬁnitions of Re and ReM for diﬀerent shear ﬂows.
Flow type Re deﬁnition ReM deﬁnition
Plane Couette UMh/ν UMh/ν
Plane Poiseuille UMh/ν
2
3
√
3
UMh/ν
Pipe Poiseuille UMR/ν
1
3
√
3
UMR/ν
Since external disturbances in reality can not be
predicted in advance, the main purpose of the letter
is to ﬁnd a uniﬁed control parameter which is de-
ﬁned only with basic-ﬂow properties. According to
Eq. (3), the new Reynolds number ReM reﬂects the
maximum contribution of the basic ﬂow to the momen-
tum’s convection-diﬀusion ratio in a disturbed ﬂow. It
has been conﬁrmed experimentally11 that the critical
Reynolds number Recrit, where localized turbulence can
be formed, decreases with the increase of disturbance
amplitude until Re = Rec. The Rec is the smallest
value of Recrit and statistically keeps almost invariant
when the perturbation amplitude increases further or
the disturbing style changes. Hence the lower critical
state at Rec is determined intrinsically by properties
of the two-dimensional basic ﬂow. Since the present
two-dimensional model includes all features of the basic
ﬂow, the derived ReM should be able to describe the
state at Rec, though the localized turbulent patches are
three-dimensional and disturbance amplitude may vary
with time and location. In addition, since ReM is de-
ﬁned not with time and length scales of the mean ﬂow
but with scales of the local ﬁeld, e.g. 1/(dU0/dy) and
ν/U0, diﬀerent shear ﬂows can be analyzed within the
same framework (Eq. (3)).
For Hagen-Poiseuille ﬂow, it is accepted that the
probability P (t;Re) of survival of localized turbulence
at a given Reynolds number Re decays with time, i.e.
P (t;Re) = exp[−(t − t0)/τ(Re)], where t0 represents
a formation time of the disordered ﬂow and τ(Re) is
the characteristic lifetime of the disturbances. Pre-
vious experiments27 and numerical simulations28 pro-
vided critical values of 1 750 and 1 870 for sustained
disturbance based on the assumption of a linear rela-
tion between τ−1 and Re. It is revealed recently29,30
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Fig. 2. Experimental data of critical Reynolds number
as a function of disturbance amplitude for Hagen-Poiseuille
ﬂow,11 where A is the amplitude of perturbation: the ra-
tio between the displaced volume from the injector and the
pipe ﬂux. Square and diamond correspond to single-jet dis-
turbance and spanwise push-pull disturbance, respectively.
that such linear relation is an approximation of a su-
perexponential one at moderate Reynolds numbers, and
puﬀs at the proposed Reynolds numbers cannot sus-
tain for ever. In addition, the lowest Reynolds number,
whose formation time t0 can be determined, is 1 670.
30
A sharp cutoﬀ in the stability threshold or Rec is found
in a systematic experimental study.11 The mean values
of Rec corresponding to diﬀerent disturbance styles and
amplitudes are shown with symbols in Fig. 2. Indicated
by the dash-dot line, the averaged Rec is 1 676.4, where
the probability for puﬀs to persist in excess of 500 di-
ameters long is about 50%.
For PCF, a critical Reynolds number for a self-
sustaining spot was found experimentally as 370 ± 10,
and the lowest Re where the relaxation time of a spot
was measured is 320.2 Another experiment found that
Rec = 325±5,3 below which no destabilization can sus-
tain for long time no matter how large the disturbance
amplitude is. Recent direct numerical simulations22
in a very large domain determined such threshold as
Re = 324± 1 and found that some of the spots still de-
cayed at Re = 325, though the strongest survives and
unambiguously grows in size. In fact, in the transitional
region, the same experiments may lead to the decay of
the initial disturbance or to its expansion toward the
spots,31 so the meaningful quantity is the probability
P , over a large ensemble of experiments, to reach the
localized turbulence. A threshold for P = 50% was
determined by extrapolation as Rec = 325 (Fig. 11 in
Ref. 31).
Systematical experiments of plane Poiseuille ﬂow
have been carried out with channels of rectangular
sections,32 and the observed critical Reynolds number,
where the friction factor starts to deviate from the lam-
inar value, varies from Red = (4/3)Re = 355–890. It
is shown in Fig. 3 that in region I Re is moderate and
the data are just around the laminar-ﬂow value repre-
Fig. 3. Experimental data of of ﬂow in rectangular
channels,33 where w is the width of the channel. The fric-
tion factor Cf = (9/4)(τ/ρU
2
M) and Red = 4Re/3, where τ
is the shear stress on the wall.
sented by a horizontal dotted line. With the increase of
Re, the friction factor deviates from its laminar value
and grows interestingly with diﬀerent slopes. Hence we
deﬁne two new regions. The data slopes in region II
are smaller than those in region III. It is noted that
the data slopes for cases with diﬀerent aspect ratios are
almost the same in region III, representing the same un-
derlying dynamics. More importantly, region II shrinks
with the decrease of the gap-to-width ratio h/w, sug-
gesting that this region is mainly caused by the side-wall
eﬀect. Therefore, by linearly extrapolating the experi-
mental data near the border between regions II and III
to the horizontal dotted line, we obtain Red = 1 127
or Re = 845 as shown by the vertical dashed line in
Fig. 3. Note that the choice of the border data may
cause a ±15% error in the threshold estimation. In the
ﬁrst ﬂow visualization study of spots in plane Poiseuille
ﬂow,8 it was summarized that below a Reynolds num-
ber of about 840 a disturbance was found to grow into a
semideveloped spot and then to decay into a streamwise
structures which ultimately disappeared. At a Reynolds
number of about 1 000, a strong, repeatable, growing
spot could be triggered. Therefore, the lowest critical
Reynolds number for spot should be Rec ≥ 840. A re-
cent numerical simulation shows that for Re ≤ 850, all
initial turbulent states decayed, whereas for Re ≥ 900,
growing spots have been obtained. Hence, the calcu-
lated threshold Re for turbulent spot is between 850
and 900,32 which is consistent with the experimental
observations.
The experimental thresholds for transition to local-
ized turbulence are summarized in Table 2. It is shown
that shear ﬂows driven by pressure gradient or viscous
shear with diﬀerent boundaries (ﬂat wall or curved wall)
share almost the same value 323, though the corre-
sponding Rec show large discrepancies. This surprising
agreement illustrates quantitatively for the ﬁrst time
that the mechanism governing the transition to local-
ized turbulence has its intrinsic uniformity, and the pro-
posed local Reynolds number ReM seems a proper uni-
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Table 2. Comparison of the lower critical Reynolds numbers
obtained in experiments, ReMc is the ReM at Re = Rec.
Flow type Exp. Rec ReMc
3202 320
Plane Couette 325±53 325±5
32531 325
Plane Poiseuille 845±15a 325±6
≥ 8408 ≥ 323.3
Pipe Poiseuille 1676.4
11 322.5
167030 321.3
a Data are estimated from Fig. 3
ﬁed parameter to characterize the lower critical states
(Re = Rec) in diﬀerent viscous shear ﬂows.
When Re > Rec, the critical Reynolds number
Recrit for localized turbulence turns to be a function
depending on not only the properties of basic ﬂow but
also the amplitudes and styles of the disturbances. The
Re−1, Re−1.3 and Re−1.5 relations obtained in pipe-ﬂow
experiments10,11 are shown in Fig. 2, where solid, dotted
and dashed lines are ﬁtted with critical Reynolds num-
bers for single-jet disturbances, spanwise/streamwise
push-pull disturbances and oblique/anti-oblique push-
pull disturbances, respectively. Since current model is
two dimensional and does not include three dimensional
features of disturbances, it cannot predict diﬀerent scal-
ing laws between A and Re.
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